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Abstract 

We demonstrate the equivalence between the worldsheet one-loop partition functions computed 
near classical string solutions in the Green-Schwarz and in the pure-spinor formulations of su- 
perstrings in AdS$ x S 5 . While their bosonic sectors are the same in the conformal gauge, their 
fcrmionic sectors superficially appear to be very different (1st vs 2nd-derivative kinetic terms, 
presence vs absence of fermionic gauge symmetry). Still, we show that the quadratic fluctuation 
spectrum of sixteen fermionic modes of the pure-spinor formulation is the same as in the Green- 
Schwarz superstring and the contribution of the extra "massless" fermionic modes cancels against 
that of the pure-spinor ghosts. We also provide evidence for a similar semiclassical equivalence 
between the Green-Schwarz and the hybrid formulations of superstrings in AdS2 x S 2 x T 6 by 
studying several particular examples of string solutions. 
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1 Introduction 

To describe superstring theory on AdS x M backgrounds with Ramond-Ramond fluxes one can 
use either the Green-Schwarz (GS) formulation [U [2J [3J, or the pure-spinor (PS) formulation [3], 
or, in some low-dimensional hybrid model [3] . The case of the AdS§ x S 5 superstring has 

been studied in the GS and in the pure-spinor formulation (see, e.g., EJ, [SJ [S] for review). In 
the less supersymmetric backgrounds AdS% x S 3 x T 4 and AdS 2 x S 2 x T 6 the GS formulation 
(see [TU1 H] and references therein) and hybrid models [5] d21 H3] have been used. 

These formulations are not on an equal footing. The GS action has a clear physical origin 
(describing, e.g., the motion of a fundamental string soliton in a type II supergravity background) 
and can be defined in a reparametrization-invariant way (though for perturbative quantization it 
requires a choice of a bosonic vacuum that spontaneously breaks some global symmetries). The 
PS formulation is defined as a fermionic extension of the bosonic string in conformal gauge with 
second-derivative kinetic terms for the fermions and ghosts added to ensure the BRST symmetry of 
the resulting 2d conformal theory. While this construction is somewhat ad hoc and the origin of the 
BRST invariance remains to be understood, it has the advantage that its perturbative quantization 
does not require a choice of a bosonic vacuum and thus can be, in principle, performed without 
breaking the underlying global symmetries. 

The general relation between the type II GS superstring and the PS (or hybrid) formulation 
in non-trivial backgrounds remains an open problem^ Assuming it exists, such a relation is 
likely to require non-trivial (non-local) field redefinitions. A way towards understanding how the 

For heterotic strings and in flat space this relation is, in fact, understood much better (see e.g. [141 1151 IT6l 1171 118| 'l. 
For generic curved superbackgrounds a passage from the GS action to the pure-spinor one [19] was studied in [20II21II22] , 
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equivalence could be established is to study the correspondence between the quantum partition 
functions in the two formulations computed in the semiclassical expansion, i.e. by expanding near 
a classical bosonic string solution. 

Almost all of the previous studies of semiclassical strings in AdS§ x S 5 and similar backgrounds 
was done using the GS formulation (see, e.g., [23l [24l [25l [7] ) ■ This is not too surprising given that 
the structure of the fermionic part of the pure-spinor action is much more complicated than that 
of the GS one. While the quadratic fermionic term in the GS action is roughly ODOdx (becoming 
0D0 after a choice of bosonic cc-background with 16 of 32 6's decoupled due to kappa-symmetry) 
the corresponding term in the PS action is DODO which has twice as many derivatives and none 
of the 32 #'s decouple a priori. 

The study of the semiclassical expansion of the pure-spinor superstring was so far done in the 
BMN limit |26] . by expanding near a rigid circular 2-spin string in S 3 [271 and, more recently, for 
particular string solutions in the Rt x S 2 part of AdS§ x S 5 . The results were suggesting the 
equivalence (at least to 1-loop order in the semiclassical expansion) with the corresponding GS 
partition function. 

In this paper we generalise the previous work of [271 128] and explicitly prove the equivalence 
between the GS and PS worldsheet 1-loop partition functions computed by expanding near a 
generic bosonic string solution in AdS§ x S 5 . We show, in particular, that 16 fermionic modes 
of the pure-spinor formulation have the same spectrum as the GS fermions while all the other 
modes decouple and effectively cancel against the pure-spinor ghost contribution in the partition 
function. 

We also argue for a similar correspondence between the GS and the hybrid formulation for the 
AdS2 x S 2 x T 6 superstring. In this case we do not provide a general proof but demonstrate the 
equivalence between the two fermionic sectors in several special cases. In particular, we consider 
the background of worldsheet instantons wrapping non-trivial cycles of AdS2 X S 2 x T 6 . 

We start in section 2 with a review of the quadratic fermionic terms in the GS and in the 
PS actions expanded near a bosonic string solution. We then prove the equivalence of their 
contributions to the one-loop partition function evaluated near a generic classical string solution 
and further illustrate this equivalence on the examples of two simple infinite string solutions. 

In section 3 we turn to the AdS2 x S 2 x T 6 case and discuss the equivalence of the one-loop 
partition functions of the GS model and the hybrid model for a general motion of the classical 
string in AdS2 x S 2 and also, for a few simple cases, when the string moves in T 6 . 

Appendix A contains some notation and conventions. In Appendix B we present a comparison 
between the GS and the hybrid model quadratic fluctuation Lagrangians in the case of a folded 
spinning string in the Rt x S 2 part of AdS2 x S 2 . 

2 AdS 5 x S 5 Superstring 

In what follows we will be interested in one-loop partition functions computed by expansion near 
classical solutions, i.e. in the spectra of quadratic fluctuation operators. Since the pure spinor 
description of the superstring is a priori based on the conformal gauge, we will use this gauge 
also in the Green-Schwarz formulation. 

The bosonic part of the Lagrangian which is the same for the GS and PS formulations is given 
by (we set the string tension to one) 

£bosc = \{g^d i x m d i x n + g^ n ,d lV m 'd l y n ')i (2.1) 

where x m are AdS§ coordinates, y m are S 5 coordinates and £ l = (t, a) parametrize the worldsheet. 
We shall use the AdS§ metric in global coordinates 

ds 2 = - cosh 2 p dt 2 + dp 2 + sinh 2 p (dO 2 + cos 2 0d4>\ + sin 2 6d<j>%) . (2.2) 
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The non-zero components of the corresponding AdS§ spin connection are 

cj 01 = — sinh p dt , uj 12 = cosh pd9 , uj 13 = cos 9 cosh pdcf)\ , 

cj 14 = sin 9 cosh pdfo , w 23 = - sin 6* d(j>i , uj 24 — cos 9 dfa . (2.3) 

The Virasoro constraints on the bosonic fields are 

G TT + G aa = 0, G T(J — , dj = 4 dSs + gf- = ei A e s B i\AB , (2.4) 

where ei A are the worldsheet pullbacks of the AdS$ x S 5 vielbeins diX M eM A {X) (A — a, a' and 
X M = x m , y m ). These constraints express the fact that in the conformal gauge the induced metric 
is conformally flat 

(•., oiO'1.,. (2.5) 
The bosonic equations of motion in the conformal gauge are 

rf^ i e j A =Q, (2.6) 

where V* is the worldsheet pullback of the AdS$ x S 5 covariant derivative. Note that the absence 
of torsion in the AdS§ x S 5 connection implies 

V [iej] A = 0. (2.7) 
2.1 Green— Schwarz formulation 

The quadratic fermionic part of the GS Lagrangian on AdSs x S 5 in the conformal gauge is (for 
our notation and conventions regarding spinors and gamma-matrices see Appendix A) 

C GS = i® {if - e 11 a 3 ) e A T A (w 3 + ^T 01234 a 2 T B e J B ^j 9 , (2.8) 

where the covariant derivative is given by V, = 9j — jUJi AB T ab- © 7 (I = 1,3) are two 16- 
component Majorana-Weyl spinors of the same chirality and <t| j and <j\ j are Pauli matrices. This 
Lagrangian can be obtained from the complete Z4-graded sigma-model action on the supercoset 

PSU{2,2\A) ra [2| 
SO(lA)xSO(5) &i U 

The presence of the RR F5 flux supporting the AdSs x S 5 space manifests itself in the 1^01234- 
term in the GS Lagrangian. To simplify the notation, let us define 

7* = r i234 , 7* = -1 (2-9) 

^ = e A T A . (2.10) 

Then the Lagrangian (I2.8[) takes the form 

Cos = *6 (rfl - <7 3 ) f t T>jQ , (2.11) 

where 

2? i =V J - + ^7.^ i (2.12) 

is a generalized covariant derivative appearing also in the Killing-spinor equation. 

Informs of the Z 4 -graded fermions Q 1 = (9\e 3 ), i.e. 9 1 = l(l + er 3 )6 and 6 3 = ±(l-er 3 )e, 
the Lagrangian (|2.11l) may be explicitly written as 

£ GS = -ie^_ v+e 1 - iQ 3 f, + v_e 3 - ieV_7*^+6 3 , (2.13) 



2 We use the indices I = (1,3) instead of I = (1,2) to indicate that Q 1 = (0 1 ,© 3 ) have, respectively, grading 1 and 
3 with respect to the ^-automorphisms of the superisometry group PSU{2, 2|4) of the AdSs x S 5 superbackground. 
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where f J± = ^ T ± j. a and V± = V T ± V<j. 

The Virasoro constraints and the bosonic equations of motion satisfied by the classical string 
solutions, eqs. (|2~41 . flU]) and ([2~7| , imply 

(^ + ) 2 =0-(^) 2 , V_^ + =0 = V+^_, (2.14) 

{j_+tj + = -±m, (2.i5) 

where = \r\ %j ] ei A ej B r\AB — —^e+ A e~ B VAB is the conformal factor of the induced worldsheet 
metric (12"3)) . 

Let us now introduce the two projector^ 

p -=-i^)^+' p+ -~m^- (2 - 16) 

satisfying, in view of eqs. (12. 14)) and (|2.15[) . the following relations 

P+ + P- = 1 , P-P- = P- , P+P+ = P+ , P-P+ = . 

V_P_ = -V_P+ , V+P_ = -V+P+ , (2.17) 
(V_P_)P+ = P_V_P+ = P+V+P_ = (V+P+)P_ = 0. 

From these it also follows that 

V_P_ = (V_P_)P_, V+P_ = P_V+P_ , V_P+ = P+V_P+, V+P+ = (V+P+)P+ . 

(2.18) 

Using the above relations, the GS Lagrangian (I2.13[) can be written as 

£ GS = V+e^ - iQ 3 _t + V-G^ - , (2.19) 

where 

e± 3 = P ± 6^ 3 . (2.20) 

Thus half of 9 1 and O 3 drop out of the Lagrangian (|2.19[) . This is a consequence of the kappa- 
symmetry of the GS formulation. Indeed, the GS action is, in general, invariant under the off- 
shell kappa-symmetry under which not only the fermions but also the bosonic string coordinates 
and the worldsheet metric are transforming. However, when expanding near a classical bosonic 
solution satisfying the Virasoro conditions kappa-symmetry becomes equivalent simply to a shift 
of fermions implying a degeneracy of the fermionic kinetic term (i.e. decoupling of the gauge part 

( P 

of the fermions) with the corresponding projector being [ q p 
2.2 Pure— spinor formulation 

The quadratic term of the 8-fermion part of the pure-spinor Lagrangian on AdSs x S 5 is given 
bj0 

£ PS = iO^ -e ij a 3 )^V j e-2r) ij V i e^a2V j e , (2.21) 

where T>j was defined in (|2.12|) . Note that the first term of this Lagrangian is the same as the 
quadratic term in the GS Lagrangian (|2.8|) while the second term is of second order in derivatives 
of O. The presence of this second term breaks the kappa-symmetry that was present in the 
GS action. Instead, the PS action contains additional ghost fields and is required to be BRST 
invariant. The ghost sector consists of bosonic spinors A, A, u and w satisfying the pure spinor 
conditions 

XT A X = \T A \ = ujT a uj = ujT a u = , (2.22) 



3 We assume here that (f> ^ 0. This is not so for point-like string solutions which will be discussed further in what 
follows. 

4 For a detailed description of the PS action in the present context we refer the reader to [28| . 
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which reduce the number of independent components of each of the ghost fields from 16 to 11. 
The quadratic part of the ghost Lagrangian is 

£ g host = wV-A + wV + A. (2.23) 

The Lagrangian (|2.2ip can be rewritten as follows 

C PS = -ie tj Oa 3 ^ V 3 G - 2rj ij V,G 7* cr 2 Vj-9 + iif V*©^© . (2.24) 

Another form, obtained by adding a total derivative, is 

£ PS = -2 V,0 7*^2 (^'+£^3)2^0. 

In terms of the Z^-graded fermion components = (8 1 , 9 3 ) this Lagrangian takes the following 
form 

£ PS = 4iv_e 1 7>t v + e 3 -ieV + v_e 1 -ie 3 ^_v + e 3 . (2.25) 

To compare this Lagrangian with (|2.19p we split O 1 ' 3 entering (|2.25p as in (|2.20l) with the use of 
the projectors (|2TTB| - (|2TT5|) and get 

£ PS = 4iv_e 1 (p+ + P-)r*(P+ + P-)v+e 3 -ieU+vsl -»ei*.fLv + e| 

= AiV-Q^p+i^ -7 st i^r 1 7*)p+v + e 3 -iel^+V-Ql -ie 3 ^_v+e 3 (2.26) 
+Ai + V-gL + V-Ol p+^wz^W-iv+et + v+e 3 + + wz 1 j*p+'v+&+) , 

where 

W-^P-^P- (2.27) 

and W~ x is defined by 

WJWZ 1 = WZ X W- = P_ . (2.28) 

Special cases in which WZ does not exist will be discussed in Section T2.3.3I below. It should be 
pointed out that the quadratic derivative terms in the first and the second line of (|2.26l) contain 
the matrix 7* which is sandwiched with different projectors P+ and P_, respectively. This is 
important for the proper separation of the terms containing Q l + and 3 (second line) from the 
rest. 

An important feature of this action is that (the derivatives of) <d\ and Q 3 _ enter eq. (|2.26[) 
only linearly. They can thus be integrated out producing a "massless" determinant of V+V_. We 
will then be left with the first line in (|2.26p which should be compared with the GS action (|2.19p . 
Indeed, if we substitute in (l2~36l X\ = V ZQ\P- = V_G^ and AT 3 = P^V+G 3 , = V+0 3 , we 
find that the equations of motion of X\ and A 3 are X\ = -(V-G 1 : + V P + ^WZ l )P- and 
A 3 = -P_(V+G 3 f + W 7 T 1 7*- p +V+6 3 f ). Then the second line of (j!T2!?j) vanishes, and we are left 
with the first line containing only 01, G^_, V_Gl_P+ and P+V+0+ (the position of the projectors 
P_ and P + in the above relations is important). 

The integration over 0*. and 0^ in the second line of ([2~2"o) requires extra care when the 
induced worldsheet geometry has a non-zero curvature. To have the equivalence with the GS 
formulation one should properly define the corresponding path integral measure (cf . 29 ) . We will 
discuss this issue in more detail on the example of an infinite string in AdS2 in Section 12.4.11 

Let us now comment on the pure-spinor ghost sector (|2 .23|) . Performing the following trans- 
formations of the ghosts [28 

A^^A, X^UX, uj^luV 1 , Co-^ulJ- 1 (2.29) 

such thai0 

V^d-V = \u_ AB T AB , U- X a + U = - A io+ AB T AB , (2.30) 

One should not confuse these transformations with local Lorentz rotations. Using the latter one would not be able 
to completely remove the non-trivial spin connection from the derivatives. Note that being effectively one dimensional, 
eqs. (|2.3U|I can always be solved for V and U. 
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the kinetic terms (|2.23p for the transformed pure spinors will contain the trivial partial derivatives 
d± only: 

£ g host = ud-\ + ujd + X , (2-31) 

so that their contribution to the 1-loop partition function will be given simply by massless flat 
space Laplace determinants. 

Note that analogous transformations of G 1 and O 3 can be used [25] to convert the covariant 
derivatives of the fermionic Lagrangians (|2.25[) . (|2.26p and (|2.36[) into simple partial derivatives 

e 1 -> ve 1 , e 3 -> ue 3 . (2.32) 

Such transformations may be useful for simplifying the fermionic Lagrangian when considering 
particular examples of string solutions, but in the generic case the analysis of the Lagrangian in 
the form (|2.25p turns out to be technically simpler. 

2.3 Relation between Green— Schwarz and pure— spinor formulations 

Below we will show the equivalence between the 1-loop partition functions in the GS and PS 
formulations computed for generic string solutions in AdS$ x S 5 . It is useful to start with a 
simpler case in which the string moves only in AdS$. 

2.3.1 String motion in AdSs 

In the special case when only AdS§ (or, by analytic continuation, only S 5 ) string coordinates are 
non-zero the projectors ^ ± and P± (anti)commute with 7* = Poi234 and the Lagrangian (|2.26[) 
simplifies tc0 

£ PS = 4iv_0iP + 7*p + v+0+ -ie^ + v_ei -i0+*Lv+0+ 
+4i(v_e^ + v_e 1 i)p_7*p_(v + ei + v+e^) 

= -i(fr l V-Ol + Q\ - z0^+V_0i. - je^.v+e^ 

-i^ _1 (v_e|. + v_e 1 i)^7^ + (v + e 3 _ + v+e^ ) . (2.33) 

Upon integrating out 0+ and 0_, we are left with the effective Lagrangian given by the first line 
of (|2.33[) : we will denote it as C\. To compare it with the GS Lagrangian (12.19[) . let us rewrite L\ 
in the following first order form by introducing the Lagrange multiplier spinors "J 1 and \P 3 (i.e. 
integrating out 'I' 1 and if? 3 leads back to the first line of (|2.33[0 

£1 = -i^l jM^+fi + 2i*^+V_0i + 2i*^_V+6 3 f 

-i0i^ + V_ei-i0^_V+e^, (2.34) 

where we introduced 

= Ql - 9i , = 0* - . (2.35) 

From (|2.34p we conclude that the action for sixteen independent fermions and is the same 
as for the GS fermions in (|2.19p PI while the sixteen 0l and 0+ modes decouple and contribute 
just "massless" determinants to the partition function. 

6 The sign of the first term can be changed by changing the sign of O 1 . Here <j> is the conformal factor from (|2.15|l . 

7 Note that in the corresponding GS action the V+ derivative acts on O 1 and V_ acts on O 3 , i.e. relating the GS 
and the PS actions requires exchanging O 1 with O 3 [21]. As we have already mentioned, the fermionic part of the PS 
action can be formally obtained (see eq. (|2.24p l by adding to the GS action an extra second-derivative term for the 
fermions. It then happens (as we shall also see on some examples) that the resulting model can be related to the GS 
superstring which has the opposite sign of the Wess-Zumino term compared to the original one we started with. This 
change of the WZ term sign is equivalent to interchanging O 1 and O 3 . 
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We thus conclude that when a classical string worldsheet is embedded only in AdS$ (or only 
in S 5 ) the fermionic sector of the PS action produces the same one- loop contribution as the GS 
fcrmions up to additional "masslcss" determinants. The latter should be canceled by the pure- 
spinor ghost contributions as required by a consistent count of degrees of freedom (and as a 
necessary requirement for having a consistent flat-space limit). 

2.3.2 Generic string motion 

In the case of a generic classical string motion in AdS§ x S 5 the first line of the Lagrangian (I2.26P 
can also be put into first order form analogous to (|2.34p 

= m^+V-^l + i*^_v+^ + i Ar 1 ^ - iel^+V-Ol - ie^-V+e% , (2.36) 

where 

M=^-^{ 1 ,- 1 ,WI 1 1 ,)U, MM' 1 =£-{+. (2.37) 

40 

To establish the relation with the GS fermionic Lagrangian (|2.19l) it remains to show that the 
matrix M^ 1 coincides with ^_7*^ + . For a class of solutions describing strings moving in the 
Rt x S 2 part of AdS$ x S 5 this was demonstrated in [28] . We shall now prove that this is so for 
any generic classical string solution. 

We should first find W_ of eq. (|2.28p . To this end let us analyse the structure of the matrix 
W- — P_7*P_. We split j- ± as follows 

t ± =d ± +^ ± , d ± = e ± a (x)T a , t ± =e ± a \y)T a , (2.38) 

where d ± and jf, are, respectively, the pullbacks of the gamma-contracted AdS$ and S 5 vielbeins 
satisfying 

{d ± J ± } = 0, [^ ± ,7*] = 0, {^ ± ,7*} = 0, 

d + d, = , d_d_ = ■ (2.39) 

The relations in the last line are due to the Virasoro constraints (|2.14p . Using these relations we 
find that 

W- = P_ 7 *P- = = i^e_ 7 »(^ + - 

= ±P- 7 *R=±ft 1 *P-, (2.40) 

where 

R = d+d--d-d+ + Ut--t-h, EM=0. (2.41) 

Note that fi.Ads 5 = ~ i b -i b + an< ^ = — (j+j— ~ ^-^+) are ^ ne worldsheet pullbacks of 

the AdS§ and S 5 curvature. 
We also find that 

Ut-l4+=$l4+- (2-42) 

For a generic classical string solution the matrix Tfl is invertible (special cases for which this is not 
true are discussed in the next section). Then 

Wl 1 = -tyft^P- = -Act>P-^R- 1 . (2.43) 

Substituting eq. ((27431) into (12737)) we get 

M = -L ^_( 7 „ ~ 7*M / r 1 7*)^+ = -?7 {{-l4+ - m-^P-R- 1 ^). (2.44) 
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Its 'inverse' matrix is M 1 = ^_7*^+. Indeed, using eq. (|2.42[) . one checks that 

= -^_7*P+7^ + - ^_7*P-^-V+^-7*^+ = -i-l*P+l4+ ~ i-l*P-l4+ = (M+ ■ (2-45) 

We have thus proved that the "mass matrix" M _1 which appears in the first-order form of the 
PS fermionic Lagrangian (12.36[) coincides with that of the GS Lagrangian (|2.19l) . This shows that 
around any classical string solution with non-degenerate matrix fi in (I2.4ip sixteen fermions of 
the pure-spinor formulation have the same fluctuation spectrum as the GS fermions while the rest 
of the PS fermions are effectively "massless" . 

To summarise, the correspondence between the one-loop partition functions in the GS and PS 
formulations can be described as follows. The contribution of the 10 bosonic fluctuation modes is of 
course the same in the two cases. In the GS formulation the 8 (pairs of) physical fermionic modes 
contribute the determinant of a Dirac-like operator and there is also a trivial (flat-space) conformal 
ghost determinant (detc? 2 ) 2 . In the PS formulation the above analysis implies that 8 (pairs of) 
fermionic modes contribute the same determinant as the GS fermions while the remaining 24 
fermionic modes produce massless determinants (det<9 2 ) 16+8 = (det<9 2 ) 24 . The factor (det<9 2 ) 16 
comes from the integration of O 1 . and Oil in the second line of (|2.26l) while (det<9 2 ) 8 originates 
from the massless modes in (|2.36l) . In the PS formulation there are no conformal ghosts but there 
are 22 chiral and 22 anti-chiral pure spinor ghosts^] which contribute (det<9 2 )~ 22 . In total, we are 
left with the "massless" determinant factor (det<9 2 ) 2 which is the same as the contribution of the 
conformal ghosts in the GS formulation. 

We thus conclude that the one-loop partition functions in the two formulations do match near 
a generic classical string solution. 

2.3.3 Degenerate cases 

There are two special classes of solutions which are not covered by the above analysis: 

(i) Solutions with degenerate 2d induced metric for which the conformal factor vanishes, = 0. 
This happens for point-like (e.g. BMN) solutions. In these cases we cannot directly define the 
projection operators in (I2.16[) , and the analysis should be done, for instance, by first performing 
a suitable re-scaling of fermions with tf> in the corresponding non-degenerate case and only then 
taking the limit tj> — > 0. The BMN limit of the AdSs x S 5 superstring in the pure spinor formulation 
was studied in [26] and was shown to be equivalent to that of the GS superstring. In Section l3.3.1l 
we will show that a similar equivalence holds also between the GS and the hybrid formulation of 
the AdS2 x S 2 x T 6 superstring with a BMN geodesic running along S 2 and T 6 . 

(ii) Solutions for which fi in (I2.41j) is not invertible. Note that the fact that fiifi-AdSn + fi-s 5 ) <x 
tfi{gff' Sb — gfj) means that fi is invertible unless rfigff S * = r\ %3 gf- — 4>. Whether fi is invertible 
for solutions with rfi gfj dS5 = if^gfj = <t> should be checked case by case. 

An example of a rigid rotating string for which fi is not invertible is the J — > limit of the 
circular string solution of [3U] (see eqs. (3.12)-(3.13) in [3T]) for which fi = fi,Ads 5 — fi-s 5 = 0- As 
this is a limit of a solution for which fi is invertible, we expect that the PS and GS formulations 
should still agree also in this limit. Let us now show this explicitly. In this case 

f, ± = t T ±t a t+i*=i4- => i + ~i4- = Ki*t + = p ±i* p ± = ®- ( 2 - 46 ) 

Since here the induced metric is flat we have V± = d± and, due to (I2.14[) and (|2.46p . 

a^+ = -af(7*^_7*) = o, = -M7*^ + 7*) = o ± p ± =d T p ± = o. (2.47) 

8 Here we are assuming that we use flat rather than an induced 2d metric to define the determinants in the conformal 
gauge, see [23] for a related discussion. 

9 To integrate the pure-spinor ghosts contributing into the path integral with the Lagrangian (|2.23[) . one should take 
into account the constraints (|2.22|) . At the expense of D — 10 covariance, each of the constraints can be solved explicitly 
in terms of eleven independent parameters. 
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As a result, the GS Lagrangian takes the simple "massless" form 

£ G s = -*©+fL d+e\ - iQ 3 _t + d-Q 3 _ , (2.48) 

while the PS Lagrangian becomes 

£ PS = iid-G^d+Q^ + Md-Qljtd+Ql-iQlt+d-Qi-ielt-d+Ql. 

From the form of this Lagrangian in which the (derivatives of) 0+ and OiL enter only linearly it 
is clear that the integration over the fermionic fields will only contribute to the partition function 
with "massless" determinants: One finds indeed a factor ~ (det<9 2 ) 8+24 times the contribution 
(det<9 2 )~ 22 of the pure-spinor ghosts, which is the same as in the GS case. 

The matrix ft may, in principle, be degenerate also in (certain limits of) more complicated 
cases like elliptic strings or non-rigid strings. Then the number of "massive" fermionic modes in 
both the Green-Schwarz and the pure-spinor formulation will be determined by the rank of the 
matrix (|2.42p . i.e. j, _J^7*^ + . The analysis will follow along the similar lines, by combining the 
consideration made in the above singular case and in the case of non-degenerate invertible part of 

Below we will illustrate the general proof of the semiclassical equivalence of GS and PS for- 
mulations given above by explicitly verifying this equivalence for two simple examples of string 
solutions. 

2.4 Examples of string solutions in AdS 5 x S 5 

We shall consider two simple limits of the folded spinning string moving in the AdS^ part of AdS§ 
[321 124j . For generic values of parameters the corresponding string coordinates in the AdS§ metric 
(j2~2]) are 

t = kt, <f> 2 =ujt, p = p{a) , 4>x = , 9 = | , (2.49) 

where 

p' 2 = k 2 cosh 2 p - u> 2 sinh 2 p , p" = (n 2 - w 2 ) sinhpeoshp . (2.50) 

One special case [24] is when uj = with periodicity constraint in a removed - one finds then 
an open-string solution that represents an infinite string in AdSi stretched all the way to the 
boundary with 

p kct . 

t = kt, tanh — = tanh , p = Kcoshp . (2-51) 

The corresponding induced metric is the AdSi one with the curvature 

R (2) = _ 2 (10| 

Another limiting case is that of an infinite-spin long folded string when k —¥ oo so that 

t = 4> 2 =K,T, p=K<7, 01=0, ' ( 2 ' 52 ' ) 

Here the string also reaches the boundary, but having a spin, it has to be embedded at least into 
AdS 3 E 

2.4.1 Infinite string in AdS 2 C AdS 5 

Choosing k — 1 in (|2.51[) the corresponding AdS2 metric and spin connection are 
ds 2 = — cosh 2 pdt 2 + dp 2 , e° = cosh pdt , e 1 = dp , 

uj ab = - sinh pdte ab , V T = d T + isinhpF i , V ff = d a . (2.53) 

10 Written in Poincare coordinates this Minkowski solution is equivalent to a worldsheet ending on an infinite straight 
line at the boundary. This is 1/2 BPS configuration; fluctuations near it were studied in |23| . 

"After a Euclidean worldsheet continuation and conformal transformation the corresponding Poincare patch solution 
is a null cusp surface 33 . 
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Defining the AdS$ x S 5 fluctuation fields as 

< = T + ^) ; p = p (a)+p(T,a), B(r,a), ll2 (r )£ r), y m '(r,a), (2.54) 
cosnp 

we can write the bosonic part of the quadratic fluctuation Lagrangian aJ^l 

£bo SC = -5(( Vi ~) 2 + cosh 2 pt 2 ) + ±{{V P ) 2 + cosh 2 pp 2 ) + \{{d6) 2 + 2 cosh 2 P 9 2 ) 

+ \{{34> 1 ) 2 + 2 cosh 2 pfc) + \{{dfo) 2 + 2 cosh 2 p^ 2 ) + \{dy m ') 2 , (2.55) 

where V, = di — uii is the conventional AdS2 covariant derivative with u>i defined in (12.531) . We 
see that for this solution there are two bosonic modes of (non-constant) "mass" cosh p and three 
modes of "mass" v^coshp, with p being the classical solution p(a). The sum of the squared 
masses being 

m l = ( 2 + 3 x 2) cosh 2 p = 8 cosh 2 p . (2.56) 
Using (|2.51[) and (|2.53p in the definition of the projectors (|2.16l) we find 

^ ± = cosh j0 r±, r± = r ±r 1 , p ± = ^(i±r 01 ). (2.57) 

The GS fermionic Lagrangian (|2.19[) then reduces to 

C GS = -i cosh p(e 1 + T^d+e 1 + + e 3 _T + d-& 3 _+ A cosh p 0^23^ ■ (2.58) 

Note that the terms with the AdS2 spin connection w 01 Foi vanish in (|2.58[) . since r±Toi = Tr± 
is a symmetric matrix. For the same reason the overall cosh p factor can be removed by re-scaling 
. Here 0+ = P+Q 1 and = P_0 3 are 8 + 8 fermionic modes which represent 8 physical 
degrees of freedom of "mass" cosh p. One can check that the UV divergences (proportional to sum 
of mass-squared terms) cancel between the bosonic modes (see (|2.56p ) and the fermionic modes 
in (|2.58[) . We are effectively assuming that fluctuation operators are defined with respect to flat 
fiducial metric rather than the curved induced one so the conformal ghost contribution is trivial, 
cf. the discussion in [23] . 

In the pure-spinor action written for the present solution the fermions and 0_ completely 
decouple from the rest, and the Lagrangian (|2.33[) . in which we replace the first line with its 
first-order counterpart (|2.34[) . takes the following form 

£ PS = icoshp(^r + d_*L + ^F_d + * 3 f -4coshp*LF 23 4* + ) 

- i cosh p^elr +8-01 + e + r_9+e + ) - 4iV_0+r 23 4V + 3 _ . (2.59) 

Here the first line is equivalent to the GS Lagrangian (|2.58l) and thus produces the same contri- 
bution to the partition function, while the fermions 0_ and in the second line are obviously 
massless. 

To analyse the contribution of the remaining O^ and fermions into the partition function, 
let us perform the transformation (|2.32[) with u>± = — 2sinhpFoi so that 

e if d £ + UJ + = e i I d£~u>- _ g-i lncoshpr i 

Then the last term in (I2.59[) takes the form 

£> = -4iV_eVL 23 4V + e 3 _ ->■ -4icoshpd-0 1 + T234:d + 3 _. (2.60) 

The integration over 0+ and (done, e.g., by first changing the variables to d-Q\_ — > 
Y\, d + 3 —> Y3 and assuming the local contribution of the integral over Y±, Y3 is canceled against a 

12 The bosonic as well as GS fermionic fluctuation Lagrangians can be found from the general folded string conformal 
gauge expressions in [23] by setting to = therein. 
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factor in the path integral measure, cf. produces a massless determinant (— 9+cL) 16 = (<9 2 ) 16 . 
Then the total fermionic contribution to the partition function in the PS model (|2.59[) is [det(<9 2 — 
cosh 2 p)] s (det (9 2 ) 24 , which matches the corresponding GS result (extra massless determinants are 
compensated by the ghosts as discussed above) 

Let us elaborate on the point that the treatment of the integral over ®+ and 3 . depends 
on assumptions about the definition of the corresponding path integral. I.e. the statement of 
equivalence between the GS and PS models assumes a particular prescription for the measure. 
Observing that in the present case of curved induced geometry V+V_ — V_V+ — cosh 2 pToi and 
integrating by parts in the last term in (|2.59[) or in (|2.60[) we may rewrite it as 

C = r 234 v + e 3 _ = -4iv + e^r 2 3 4 v_e 3 _ + a cosh 2 P e^r^e 3 . . (2.61) 

Introducing the Lagrange multipliers A 1 ^ and A 3 , we may convert this into 1-st order form as 

C" = icoshp(-2A 1 f r_V + e 1 F -2A 3 _L + V_6 3 _ +4coshpA^L23 4 A'l + 4coshp6 1 f r234e 3 _) 
= i cosh p(YlT-d+Yl + Y^Y+d-Yl + 4 cosh pF+r^K 3 ) 

- icoshp(X|r_a+X| + X^T+d-Xi - 4coshp A|r 234 Xi) , (2.62) 

where X l ± 3 = ^|(A^ 3 + 6± 3 ) and 3 = ^(A± 3 - 6± 3 ). Since the last two lines here look like 
copies of the GS fermionic Lagrangian (|2.58l) one might naively conclude that (taking also into 
account the first line of (|2.59l0 the PS Lagrangian has three times more "massive" fermionic modes 
than the GS one. However, this conclusion is premature as it depends on the assumption that the 
introduction of the auxiliary fields in (|2.62j) did not produce additional determinant factors. This 
is not so in general as they enter into (12.62)) with non-trivial background-dependent factors, so the 
final result depends on a proper definition of path integral measure. 

2.4.2 Long spinning string in AdS% C AdS$ 

Let us now consider the long infinite-spin string solution (|2.52p . The non-zero components of the 
pull-backs of the vielbeins to the worldsheet here are 

e T ° = KCOsh/9, e r 4 = Ksinhp, e (T 1 =K, (2.63) 
e T A T a — n(coshpPo + sinhpP 4 ), e a A T a = kT\ , 

and the induced metric is flat ds 2 — K 2 (—dT 2 + da 2 ). The Lagrangian for the (appropriately 
redefined) bosonic fluctuations around this solution ([21]) has the following form 

£bosc = -kidt) 2 + ±(dp) 2 + U d &) 2 + 4KtdJ 2 - 4 K pd T 4> 2 (2.64) 
+ \{{d~6) 2 + 2k 2 6 2 ) + i((90i) 2 + 2k 2 ^ 2 ) + \{dy m ') 2 . 

It effectively describes two modes of mass V2k, one mode of mass 2k and seven massless modes. 
Their mass squared sum is 8k 2 . 

To write down the GS fermionic action let us note that the relevant components of the spin 
connection (|2.3p are 

lo 01 — — smh pdt , u; 14 = sin # cosh pd0 2 , w 24 = cos 8 g?0 2 , (2.65) 

i.e., since 9 = J, we get —\uj t ab T ab = § (sinhp r + coshp r^Fi. Thus one can perform the 
Lorentz rotation 

6 -> e? r ° 4 6, e~5 r o4( sinnp r + C oshpr 4 )e5 r ° 4 — > T 4 , 

e"' ro4 (sinhpr 4 + coshpr )e^ r ° 4 -> L , (2.66) 
The total result for the partition function of the infinite straight string surface should be trivial as discussed in 
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under which the fermion covariant derivative becomes 

v r = a T + |r 4 i, v a = 9 CT + ^r 04 , y = r l ij e i A r A v j = «(-r a T + rx^) = K p. (2.67) 

Using (|2.66[) and (|2.67l) the corresponding fermionic part of the GS Lagrangian (|2.11[) takes the 
following form 

£ GS = 2 l (e + ^e + + K e + r 234( T 1 e + ), (2.68) 

where 0+ = ^(1 + Toic^O are 16 component fermions which carry 8 physical degrees of freedom 
of mass k. Their mass squared sum exactly cancels the mass squared sum of the bosonic modes 

(EH. 

After performing the Lorentz rotation (|2.66p and (|2.67p . the quadratic fermionic part of the 
PS Lagrangian (pEMj) takes the fornQ 

£ PS = -2ry y W l Qr 01234 a 2 W :j Q ~ iK 2 QT 234 a 1 Q - ikQ{1 + T 01 cr 3 ) . (2.69) 

Substituting the explicit expressions (|2.67p for and integrating by parts we get 

£ PS = 2eroi 2 34CT2^d 4 e-^ 2 er 2 34CTi(i-roia 3 )e 

-iK&(l + r ia 3 ) pQ - 2 K QT ()23 <T 2 d T e - 2ner 123 a 2 d a e . (2.70) 

The direct computation of the determinant of the corresponding second-order kinetic operator 
D PS gives 

det .Dps = [det(c> 2 - k 2 )] 8 (a 2 ) 24 . (2.71) 

Thus the pure spinor fermion massive contribution is the same (8 fermionic modes of mass n) as 
the GS one. 



3 AdS 2 x S 2 x T 6 superstring 

There are several AdS 2 xS 2 xT 6 backgrounds in type IIA and IIB string theories that are supported 
by RR fluxes (see [TT] for a review and references). They preserve only 8 of 32 supersymmetries 
and are invariant under the superisometry group PSU(l,l\2). The dynamics of a superstring 
whose motion is restricted to the four-dimensional subspace AdS 2 x S 2 can be described by two 
different sof^ijxuli) supercoset sigma-models with 8 fermionic fields. The first one is of the 
Green-Schwarz type [33], having similar structure to the AdS§ x S 5 GS superstring 3 , and the 
second one is an N — (2, 2) worldsheet superconformal sofii)xU(\) s ig ma_m °del [5] which is the 
AdS 2 x S 2 counterpart of the supercoset sector of the AdS$ x S 5 pure-spinor model. 

When extended to the whole AdS 2 x S 2 x T 6 space-time, the GS superstring sigma-model gets 
enlarged with 6 bosons and 24 fermions which couple in a non-trivial way to the 4d so(ii)xU(i) 
supercoset sector 111. On the other hand, the sof^i^xuli) sigma-model of [S] gets enlarged with 
an N = (2,2) worldsheet superconformal Ramond-Neveu-Schwarz T 6 -sector which couples to the 
supercoset sector only indirectly via the (super) Virasoro constraints. The latter model is called 
hybrid [3SJ [S] since it is constructed using both the target-space spinors as in the GS formulation 
and the worldsheet spinors as in the RNS formulation. 

The purely bosonic sectors of the GS superstring and the hybrid model for AdS 2 x S 2 x T 6 
are the same and in the conformal gauge have the form 

c bose = \n ij {9t 3 dS2 +4 2 +4 6 ) = \n ij GiM) , (3.1) 

where Gij (X) (X AI = (x m ,x m , y m )) is the induced worldsheet metric, gf? 32 = gmn 2 (x)diX m djX n , 
9lj = gfctSPldiaPdjX* and gTf = g T J b ,d iy a ' d jy b ' . 



14 Because of the simplicity of the form of the PS Lagrangian in this background, here we do not need to split O into 
B± and 9± as in flZggp . 
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The Virasoro constraints and the bosonic equations of motion are as in (I2.4j) and (|2.6[) in 
which e-j are now the worldsheet pullbacks of the AdS 2 x S 2 x T 6 vielbeins d^ i d i X M e M A (X) 
(A = a, a, a'). 

The fermionic sectors of the two models are significantly different and to find the direct relation 
between them, which may involve a non-trivial (non-linear and non-local) change of variables is 
an open problem. In what follows we shall study the relation between the two formulations of the 
AdS2 x S 2 x T 6 superstring by comparing their quadratic fermionic actions (and thus one-loop 
semiclassical partition functions), similarly to what was done in the previous section for the GS 
and PS formulations of the AdS*, x S 5 superstring. 



3.1 Fermionic part of the GS action 

The quadratic fermionic part of the GS Lagrangian on AdS2 x S 2 xT 6 in conformal gauge can be 
written aJ^l 

c GS = »e - e«r u ) e/r A (v i + ^vyrniw)e, (3.2) 

where is a 32 component Majorana spinor, 7 = T 01 and V% is a projector of rank 8, whose 
presence implies that in AdS2 x S 2 x T 6 the 32-component supersymmetry of the D = 10 type 
IIA vacuum is broken down to 8 (see [TT] for more details). Splitting 6 a£3 1 = 3(1 + r u )0 
and 9 3 = i(l - rn)8 we get 

£ G s = -ieV+V-G 1 -ie 3 ^_v + e 3 -ieV+'P87^_6 3 - (3.3) 

Since the bosonic vielbeins satisfy the on-shell equations (|2.6[) . (|2.4|l . (|2.7|) . the matrices ^, = 
e± A r^ are covariantly (anti)holomorphic and square to zero like in (|2.14|) . As in the iris's x S 5 
case, the kappa-symmetry of the GS formulation manifests itself in the fact that only half of the 
32 fermions 1,3 , projected respectively with ^ + and appear in the action (|3.3D . 

It should be noted that the components of projected with V% and 7^24 = 1 — V% have different 
geometrical meaning. Eight fermions •& — VsO parametrize the Grassmann-odd directions of the 
supercoset sofii)xU(i) ' wnne twenty four fermions v = (1 — V$)Q = Via® correspond to the 24 
broken target-space supersymmetries. In the Lagrangian $ and v couple to each other through 
the bosonic modes in T 6 as can be seen by rewriting (|3.2j) in the more explicit form (see [TT] for 
details) 

£ GS = id (rf '- e«r u ) e^TaVjti 

+ w (rfj _ £ «r u ) r^v^a*/ + %v ( v ij - £ y r u ) ivv^s^"' 

+ \$ - £ l3 rn) e^raV 8 ^iiT a ,vd jy a ' (3.4) 
+ iv - £ ij rn) (e^Ta + e/Ta^W.v 

+1 „ (^ _ e «r u ) r a ^ 87 r n r 6 ^ a^'a,-/ , 

Vj = - \ T^uj^x) , 2?, = Vj + ^ 87 riirbe/ (3.5) 



where 



and uJi^(x) and e^x) (a, b = 0, 1, 2, 3) are the worldsheet pull-backs of the spin connection and 
the local frame in AdS2 x S 2 . Note that the AdS2 X S" 2 and T 6 sectors are coupled via the couplings 
between $ and u. 



15 In what follows we consider the case of the type IIA AdS2 X S 2 x T 6 supergravity background discussed in Section 
3.1 of ITTJ. 

16 As in the ^dSs x S 5 case, the labels 1,3 refer to the ZU-grading of the underlying supercoset so^iyx^io^) ■ 
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3.2 Fermionic part of the hybrid model action 

The hybrid model in AdS2 x S 2 x T 6 consists of a supercoset sigma-model on sof^i)xU(i) ( s i muar 
to that in the pure-spinor formulation of the AdSs x S 5 superstring) and an RNS-like string model 
on T 6 5 . In contrast to the GS superstring, in the hybrid model action the sofii)xu(i) aec ^ 0T 
containing AdS2 x S 2 is completely decoupled from the T 6 sector. 

In the conventions of [TT] , the AdS2 x S 2 supercoset part of the hybrid model restricted to the 
second order in the eight coset fermions $ = V^Q has the following form 

£h = i${v ij -£ ij 'ru) ei ar a X)^ (3.6) 

where there is no need to include the projector Vs in T>j in Q3.5P as it commutes with r a . 

In the T 6 sector the hybrid model contains six RNS-like 2-component worldsheet spinors 4 ,a 

= ^ a 'fd t t> a ' , (3.7) 

where 7* is a 2-dimensional gamma-matrix. The model also includes a ghost sector which consists 
of a chiral and an anti-chiral boson. The whole construction possesses N — (2, 2) worldsheet 
superconformal symmetry for which the total central charge is zero (see [5] for more details). As 
we have already mentioned, in this model the AdS2 x S* 2 supercoset sector is decoupled from the 
T 6 one (apart from indirect relation via the N — (2, 2) super- Virasoro constraints). 

The first line in (|3.6p is the same as the supercoset GS fermion term in the first line of eq. (|3.4p 
and the second line is similar to the the second-derivative fermion term in the PS action. Adding 
a total derivative term, the Lagrangian p. 61) can be rewritten in the following form 

£ H = 2 l V,:i97r 11 (^-e^r 11 )(V^+i 7 r 11 rfce/^). (3.8) 
Introducing d 1 = \(1 + T n )d and tf 3 = |(1 - r n )0 we get 

£ H = -^V+^roiV-tf 3 + i^e^Tay+tf 1 + ii^e+^TaV^ 3 , (3.9) 
where due to the bosonic equations of motion (12.61) and the Virasoro constraints (|2.4[) we have 

V+(e_ar a ) = = V-Ce+^rj , (e±^) 2 = -(e± Q 'r Q 2 . (3.10) 

Here e± a (y) = d±y a are pullbacks of the T 6 vielbeins. 

Comparing eq. p.9p with (the supercoset part of) the GS action (|3.3p we see (as in the pure- 
spinor formulation of Section 2) that their first-derivative terms are similar up to the interchange 
of i? 1 and $ 3 , while the mass-like term of the GS action in the hybrid model gets replaced by the 
second-derivative term. 

The difference of the hybrid model from the PS superstring is that in the hybrid model in 
addition to the supercoset sector we have the T 6 sector which includes RNS-like fermions. So 
we should distinguish two cases: (i) When the classical string moves entirely in AdS2 x S 2 (i.e. 
e± a (y) — d±y a = 0) and (ii) when the string also moves in T 6 . 

In the first case (e± a T a i) 2 vanishes and the problem reduces to the analysis of the supercoset 
part of the hybrid model. This can be done in the same way as for the PS superstring in Section 
2.2. One then concludes that around a generic classical string solution in AdS2 x S 2 the hybrid 
model has 2 pairs of supercoset fermionic modes that produce the same functional determinant as 
the GS supercoset fermions. 

However, the matching of the contributions of the other fermionic modes and the ghosts in the 
two models turns out to be less straightforward than in the GS vs pure-spinor case. Already in 
flat space, to relate the hybrid model to the GS model in the light-cone gauge it is necessary to 
bosonise 2 of the 6 extra pairs of supercoset hybrid-model fermions into an additional pair of chiral 
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and anti-chiral scalars [35 . A similar procedure is expected to apply in a curved background as 
weU0 

Assuming this is the case, the comparison of the contributions into the 1-loop partition func- 
tions in the two formulations goes as follows. The bosonic sectors of the two models coincide. In 
the GS formulation 2 pairs of supercoset fermionic modes •& contribute to the partition function 
with det Vqs- The 6 pairs of non-coset fermions v give (det<9 2 ) 6 and the conformal ghosts give 
(det <9 2 ) 2 , in total (det <9 2 ) 6 (det <9 2 ) 2 = (det <9 2 ) 8 . In the hybrid model the 2 pairs of the supercoset 
fermionic modes produce the same determinant as in the GS case, i.e. det Vqs- The one chiral 
and one anti-chiral scalar ghost [5] give (det9 2 ) -1 . Two of the extra 6 coset fermions should be 
bosonised into an additional pair of chiral and anti-chiral scalars which give an extra (detc* 2 ) -1 , 
while the remaining 4 pairs of coset fermions and the RNS-like fermions ^> a give (detc? 2 ) 10 . 
Putting all the contributions together we find that the resulting hybrid model partition function 
coincides with the one of the GS model. 

The case of generic motion of the string in AdSa x S 2 x T 6 is more complicated (since, in 
particular, the Virasoro constraints (|3.10[) relate the AdS2 x S* 2 and T 6 sectors) and it should 
be treated separately. In what follows we shall demonstrate that the matching of the "massive" 
fermionic modes take place at least in two simple examples - for a BMN-type geodesic running 
along S 2 and T 6 and for a classical string wrapping a circle in T 6 . We will also compare the GS 
and hybrid model fermionic actions in the background of world sheet instantons. 



3.3 Examples of equivalence 
3.3.1 Expansion near BMN geodesic 

BMN limits for AdS p x S q backgrounds and their supersymmetries were considered, e.g., in |36j . 
In AdS2 x S 2 x T 6 there are different ways to take the BMN limit. One way is to consider a 
geodesic running along S 2 but a more general possibility is to take a geodesic along both S 2 and 
T e . These cases were considered in detail in [11] . Let us choose the metric of AdS2 x S 2 x T 6 in 
the form (we set the radii to 1) 

ds 2 = - cosh 2 pdt 2 + dp 2 + d6 2 + sin 2 9 dip 2 + dy a >dy a ' . (3.11) 

If the geodesic representing the center of mass of the string runs along a "diagonal" direction in 
the S 1 x S 1 torus formed by the equator S 1 C S 2 (with coordinate tp) and one of the S 1 C T 6 
directions, e.g., y 4 , it can be parameterized by the "rotated" coordinate ip' as 

t = rriT , tp' — mr , <p' = cos a <p + sin a y 4 , y 4 = — sin a ip + cos a y A , (3.12) 

where a is related to the ratio of string angular momenta along the two circles, a = is the case 
when the geodesic runs along ip and of S 2 and a — ^ corresponds to a geodesic running along 
S 1 C T 6 . The resulting quadratic Lagrangian of the bosonic fluctuations is 

1 1 _ _ m 2 1 1 , 

Chose = ^~pd l ~P + 2 W# + — P 2 + cos 2 a 9 2 + -d lV a d l y a , , (3.13) 

i.e. p has mass m and 9 has mass rocosa. 

The GS Lagrangian for the fermionic fluctuations around the generic BMN solution has the 
following form in the light-cone kappa-symmetry gauge T + = 

C G s = -iQ^-d-Q 1 -iQ 3 r-d+Q 3 + im(l + cosa)'d 1 r~r r i) 3 

+im(l-cosa){) 1 r"r r {} 3 , (3.14) 

where the labels 1 and 3 refer again to the ^-grading (i.e. the chirality) and r r corresponds 
to the radial direction of AdS2- The spinors t? and v are four-component fermions among O 1,3 

We thank Nathan Berkovits for comments on this issue. 
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which carry two physical degrees of freedom each, having, respectively, mass 22(1 + cos a) and 
y(1 — cos a) (see [TT] for more details). The sums of the mass squared terms for the bosonic and 
fcrmionic modes match in agreement with UV finiteness of the model. 

Let us now turn to the hybrid model and start with the a = case (i.e. when the geodesic 
runs inside S 2 ). The corresponding BMN limit of the hybrid model was considered in [25]. Here 
there is no kappa-symmetry, so we cannot impose Y + i3 = 0. Let us denote half of ■& which satisfies 
r+tf = by X 1 = 1(1 + Y n )X\ X 3 = |(1 - Tn)X 3 and the other half by Y\ Y 3 , i.e. 

(x\x 3 ) = r+r-tf, (r\y 3 ) = p-p+tf . (3.15) 

To the leading order we consider we may replace ei-Ya — > —2m 5® Y~ . Then from (|3.9[) we find 

£ H = -2im X^'d+X 1 - 2im X 3 Y~d-X 3 + U d+X^'T' d-X 3 

+4id+Y 1 Y+Y r d^Y 3 , (3.16) 

where L r corresponds again to the spatial direction of AdS2 ■ Written in first order form for the 
X-fermions (|3.16l) reads 

£ H = -ii^T-Y r i) 3 + 2i^ 1 T-T r d-X 3 + 2i d+X^'Tip 3 

- 2imX 1 T-d+X 1 - 2imX 3 T-d-X 3 + 4d d+Y 1 T + T r d-Y s . (3.17) 

The redefinitions 

X 1 = -^{X 1 -T r d 3 ), X 3 = —^{X 3 + T r d 1 ) , i/} 1 = y /mti 1 , ib s = y/m¥ (3.18) 
lead to 

£ H = ^Y-d-d 1 + l -¥T-d + ¥ ~imd 1 Y-Y r ¥ -^X^-d+X 1 -^X 3 T-d-X 3 

+ 4id+Y 1 Y+Y r d-Y 3 . (3.19) 

We read off that i? 1 ' 3 are two physical fermionic modes of mass m. Since Y + i3 — these match 
exactly the massive modes of the GS string in (|3.14l) . 

In the case of more general geodesic along S 2 and T 6 the action (|3.8I) reduces to 

C H = + cos a)m X X Y- d+X 1 + cos a)mX 3 Y-d-X 3 

+Ai d+X^Y'd-X 3 - i(l - cos a)m Y^+d+Y 1 

- cos a)mY 3 Y + d-Y 3 + & d+Y^+Y^-Y 3 , (3.20) 

where = | (L° ± L 3 ), with the index 3 denoting the tp direction of S 2 . The analysis of the 
spectrum follows the same lines as in eqs. (|3.17|) — <I3.19|) . Passing to the first-order form we get 



^T-d-ti 1 + ^T'd+d 3 - i(l + cos a)m ■d 1 Y~Y r tf 3 
+ {} 1 P + 9_{} 1 + ,{} 3 L + a + u 3 -i(l-cosa)mu 1 L + r r C 3 (3.21) 
- X^-d+X 1 - X 3 Y~d-X 3 - Y^+d+Y 1 - Y 3 Y+d-Y 3 . 

Thus two pairs of fermions -d 1 ' 3 have the mass y(l + cos a) and the two fermions v 1,3 have the 
mass y(l — cos a). These masses agree with those of the corresponding BMN limit of the GS 
superstring in (|3.14p . although all the GS fermions satisfy the condition Y + Q = 0, while in the 
hybrid case i? and v are projected with Y^ 1 , respectively. 

As in the pure-spinor model case, the number of massless fermions of the hybrid model do 
not appear to match that of the GS model, but as was already discussed in Section 13.21 the 
contribution of extra massless fermions of the hybrid model, upon the bosonization of two of 
them, should be compensated by the chiral boson ghosts so that at the end there is a match with 
the GS formulation. 
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3.3.2 String wrapping an S 1 C T 6 

Next, let us now consider a simple solution in which the string wraps an S 1 circle of T 6 (we shall 
label it by index 9) 

t = r, y 9 = a, = |, p = V = y^* = Q. (3.22) 
The corresponding induced worldsheet metric is flat. The Lagrangian of bosonic fluctuations is 

£bosc = ~\{dtf + \[{dpf + f\ + \(d~ef + \{d(pf + l -{dr') 2 ■ (3.23) 
The quadratic fermionic part of the GS string Lagrangian (|3.2[) here simplifies to 

£ GS = iQ{l-T m T u )p® -^{l-TwTi^VsT^TxtQ (3.24) 

-|e (i - r 09 r u ) r 9 7> 8 r iriir 9 e , 

where p = —T d T + L g cV Introducing 8± = ^(1 ± r grn)8 we get 

c GS = 2ze_^e_ -2 l e_7' 8 roir 11 e_ -z6_7' 8 r 01 r 11 e + + ze_7' 8 roir 11 e + 

= 2iQ-T (-d T + T n da)Q- - 2 2 e_7 ? 8 r ir 11 e_ . (3.25) 

The fermions + drop out of the Lagrangian which is again a manifestation of the K-symmetry. 
We are thus left with 16 fermions 8_. In (|3 . 25[> their mass term contains the projector Vs', hence, 
only "PsQ- fermionic modes are massive. To compute the number of their components we should 
find the rank of the projector Vs(l — L) where T = TogLn. Since T-'sLg'Ps = 0, we can rewrite the 
projector as follows 

Ts{l -T)=V S - V S T(V 2 4 + V & ) =V S - r s TV 2i , (3.26) 

where V24 is the projector complementary to Vs- The projector complementary to (|3 . 26[) has the 
form 

1 - P s (l - T) = V 2i + V s TV 2i - (1 + V s r)V 2i . (3.27) 

The matrix 1 + VgT is invertible, its inverse being 1 — "P 8 r. Hence, the projector (13.27[) has rank 
24 and the projector (|3.26[) has rank 8. We thus conclude that P 8 B_ is an 8-component spinor 
which carries 4 independent physical fermionic modes. 

We should now split the kinetic term of eq. (|3.25[) into two parts, one for the massive eight- 
component fermions = VsQ- and another one for the massless 8-component fermions ip = 
(1 + 7' 8 r)7 : '24@- which complement d to the 16-component spinor i(l — L)9. To this end we 
insert into the kinetic term the unit matrix 1 = 7^(1 — L) + (l + VsX)V 2 ^ 

2^e_Lo(-5 T + L n <9 ff )e_ = 2i9_(7> 8 (l - T) + (1 + 7> 8 L)7> 24 )L (-c) T + r n d a )@. 

= mv {-d T + T n d a )d + 2#r (-a T + r n 9 CT )v> . (3.28) 

We end up with the Lagrangian 

£ GS = 4i$T (-d T + Tnd^d + 2Mr 01 r n d + 2#L (-«9 r + rudji/? . (3.29) 

Thus ■& describes 4 physical fermionic modes of mass i, so that the boson- fermion mass-squared 
sum rule is again satisfed. 

The fermionic part of the hybrid model Lagrangian (|3.8[) takes the form 

£h = itfr (9 T +r 11 d <T )tf- 2id l $r 01 r 11 d l $ . (3.30) 



17 



In terms of $± = ^(1 ± r irn)i? we get 

£ H = -nUP^+ - 2« d i ti + d i '& + - + 2i drf- 

= -i& + p$ + + 2ipti + pti + -i&-pd--2ip&-p$-, (3.31) 

where now ^ = — To(d T + Tnd a ). We can now pass to the first order form by introducing the 
Lagrange multipliers ip± 

£ H = -i-d + p-d+ + 2i ip + p$+ - ^+ip+ - iti-pti- - 2i tp- pti- + ^ip-tp- 

= i§ + p$ + ~ i rp+P^+ - + iti-pi- - i Pi)- + , (3-32) 

where $± = ip± and -0± = i?± T ^± ■ We thus get 4 fermionic modes z9± of mass \ and 4 massless 
modes tp± plus 6 massless fermions & a (|3.7p . The spectrum of massive fermions is again the same 
as for the GS superstring. 

3.4 Expansion near S 2 and T 2 worldsheet instantons 

Let us now discuss a less trivial example of a classical solution - worldsheet instantons which exist 
in the Wick-rotated superstring theory in this background, as well as in AdS 4 x CP 3 [3Tpl . There 
are two types of instantons. One is when the string wraps S 2 . This solution is a Wick rotated 
counterpart of the AdS2 -filling string solution considered in Section l2.4.1l For a (single) worldsheet 
instanton wrapping S 2 the geometry is that of the two-sphere, while the string coordinates along 
AdS2 x T 6 are constant. For the description of this solution [35] it is convenient to introduce 
complex coordinates both in the worldsheet and in the target space. Written in terms of a complex 
coordinate £ on S 2 

Q 

C = tan - e iv , ds 2 = d6 2 + sin 2 9 dip 2 , (3.33) 

the conformal gauge action on S 2 reads 

a fj2 z \dC\ 2 + \dC\ 2 ,,,,, 

b E- J d z — . (3.34) 

This action has a local minimum if <9£ = or c?C = 0, i.e. the embedding is given by a holomorphic 
function Q = £(z) for the instanton or by an anti-holomorphic function £ = £(z) for the anti- 
instanton. 

Another type of worldsheet instanton is described by a Euclidean string worldsheet wrapping 
a T 2 in T 6 . In this case the worldsheet coordinates can be directly identified with those of the T 2 
torus, y* = ?, £ = (e, e 2 ). 

3.4.1 Green-Schwarz action 

Let us consider the quadratic fermionic part of the GS action expanded near these instanton 
solutions. 

S 2 instanton 

In the S 2 instanton background the Wick rotated fermionic part of the GS action (13.41) reduces to 

£ GS = ^(V^hhv + k«r n ) ei a r a (v, + ^ 87 riir ae /) 

+ iv(\f-hh i:i + iE ij T n )ei & T & VjV , (3.35) 



18 The Wick rotation amounts to replacing the Minkowski signature metric with the Euclidean one, £ lJ with —ie'-* and 
taking into account that the fermions O become complex spinors, since there are no Majorana spinors in ten-dimensional 
Euclidean space. The complex conjugate spinors do not appear in the Wick rotated action so that the number of the 
fermionic degrees of freedom formally remains the same as before the Wick rotation. Note also that the Euclidean 7 
matrix is defined as 7 = ir° T 1 , where T° is the Wick rotated F°. Thus -f 2 = 1 as in the case of Minkowski signature. 
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where ei a are the vielbeins of the instanton S 2 sphere parametrized by the worldsheet coordinates. 
To carry out the analysis of the fermionic modes in a covariant way, in (|3.35p we have introduced 
the induced metric hij = e^e^S^ on the worldsheet instanton sphere S 2 . For a particular choice 
of the S 2 coordinates hij can be chosen to be conformally flat. 

We see that d and v decouple from each other and have the following equations of motion 

hFefT^Vi + ^ 8 7r n r s e/)(l - T)0 = 0, (3.36) 
/i y e i a r s V j (l-r)w = 0, (3.37) 

where T = ~^~r^ £lJ ^ij^ii coincides on the bosonic instanton configuration with the kappa- 
symmetry projector. 

The equation (I3.37[) is the massless Dirac equation on S 2 which does not have non-trivial 
solutions, hence (1 — T)v — 0. The equation Q3.36P is the 'massive' Dirac equation (with mass 1 
in the inverse radius units) whose only regular solutions are the S 2 Killing spinors satisfying 

(Vj + ^rnrae/) (i - r)0 = (v* + |r 2377 r ae /) (1 - r>? = o , (3.38) 

where 77 = ^456789 and we have dropped the projector V% since it commutes with (a = 2, 3) 
on S 2 and 77. To see that (|3.38p is indeed the Killing spinor equation on S 2 let us redefine the 
matrices r a as follows 

(r 23 r a ) r a (3.39) 

and split the four-component spinor (1 — T)$ into the eigenvalues of 77 (recall that (77) 2 = 1) 

(i-r)0 = 0+ + i?_, ^± = i(i± 77 )(i-r) 1 ?. (3.40) 

Then (|3.38[) takes the form of the conventional Killing spinor equations on S 2 for two 2-component 
spinors i?+ and 

(V i ±|r a e/)^ ± =0. (3.41) 

Thus we conclude that the string instanton wrapping S 2 has 4 fermionic zero modes associated 
with the S 2 Killing spinors $±. 

T 2 instanton 

When the string worldsheet wraps a T 2 (with coordinates y 1 ) in T 6 , i.e. y % — £ l the fermionic part 
(|3.4[) of the Wick rotated GS action reduces to 

£ G s = (1 - r) r%v + iv(i- r) r%tf + iv (i - r) ra^ - % - ^777(1 - 75 )(i - r> , (3.42) 

where T = — k'^r^ru = —757,5 is the kappa-symmetry projector in this background and 75 = 
1^3456 is the product of the gamma-matrices with the indices of the T e directions orthogonal to 
the instanton worldsheet. 

The fermionic equations of motion which follow from (|3.42[) are 

v^v% (1 - 1> - i ^4777(1 - 7s)(i - r> - -r 2 iT% (1 - r) § , (3.43) 

or, equivalently, 

P 2 4r i 9i(l-r)t;+ip 2 47r u (l-7g)(l-r)t; = -V 24 T%{1-T)^ , (3.44) 

VsT'd, (l-T)v = . (3.45) 
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These two equations can be combined into the single one 

r% (i - r) v - i 777 (i - 75 ) (i - r> = -p 2i r% (1 - r) . (3.46) 

Hitting this equation with V%T^dj and taking into account (|3.45l) and the fact that V^V% = 
we find that d should satisfy the 'massless' Laplace equation on T 2 

d i d i (l-T)-d = 0. (3.47) 

The zero modes of the Laplace operator on T 2 are constants, hence the T 2 string instanton has 4 
fcrmionic constant modes (1 — T)$, and eq. (|3.46[) reduces to 

Vd t (1 - r) v - ~ 777 (1 - 75 )(1 - T)v = 0. (3.48) 

From this equation we read that the eightF^l modes h(l + 75) (1 — T)v should satisfy the massless 
Dirac equation 

r i 9 l (l-r)(l+ 75 )u = 0, (3.49) 
and hence are constants. We are thus left with 

Fdi (1 -I>_- 777 (1 -I>_=0, u_ = -(1-715)1;, (3.50) 
V$T l di (1 — T) u_ = , (3.51) 

where the last equation is the consequence of (|3.45l) and (I3.49[) . 

To analyze eq. f|3.51[) , let us use the explicit form of the projectors V% and V24 which is similar 
to that in the case of the GS string instanton on CP 3 (see eq. (4.42) of [37]) 

^8 = ^(2 + J) = i(l + p 3 J)(l- 7s ) , 7> 24 = i(6- J) = \(Z + T 5 ~P 3 J(l~r 5 )), (3-52) 
where (the indices 3,4,5,6 denoting the directions in T 6 orthogonal to the instanton worldsheet) 

P3 = —e^Tii , 75 = r 3 456 , J = -\j~all al = -\j- a ll &i ^ ~ 7g) , J* = \{l - 7g) (3-53) 
Inserting the explicit form (I3.52p of V% into p.51[) we have 

V 8 T% (1 - F) v. = ^T%(1 - p 3 J)(l - 7g ) (1 - F) u_ 

= rd t v 2 A (i - r) v- - ir l 5 4 (i + 7g ) (i - r) «_ = pa^m (i - r) «_ = o , (3.54) 

where the term (1 + 7 g) (1 — T) u_ is zero since T = — 7s7 g and (1 + 7 g) (1 — F) (1 — 75) = (1 + 
7§) (1 + 757g) (1 — 75) = 0- From eq. (|3.54p it follows that (1 — T)v- is constant and from (I3.50P 
it follows that it is actually zero. 

We thus conclude that the T 2 string instanton has 12 constant fermionic zero modes: 8 modes 
(1 + 75) (1 - r)u and 4 modes (1 - T)-&. 

3.4.2 Hybrid model action 

Let us now discuss the corresponding fermionic term in the hybrid model action and compare it 
with the GS action. 

This number follows from the analysis of [37]. See Subsection 4.2 therein. 
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S 2 instanton 

On the iS* 2 instanton background the fermionic part of the hybrid model Lagrangian takes the 
following form 

£ ferm = 2iV i $ 1 T n (V=h0 + ie«ru) (V^ + ^T n T- b eM + ^ a ' 7a e ai V^ a ', (3.55) 

where ei a (£) (a = 2, 3) are the vielbeins of the instanton sphere, hij = ei a eja, 7 a are the worldsheet 
gamma-matrices and ■0 a (£) (a' =4,5,6, 7,8, 9) are 6 two-component worldsheet RNS-like fermions 
on T e . 

The equations of motion of ip are massless Dirac equations on S 2 

- 0, y = e &i Ta Vi (3.56) 
which do not have non-trivial regular solutions. The equations of motion of d are 

-Lvi(Vhh ij + is ij T n ) (V,tf + ^rnlV/tf) = . (3.57) 

We can rewrite them as 

= (v J v 4 + |r 23 r 11 ^ + h r ii( 1 + r )y^ = o . (3.58) 

To arrive at (|3.58[) we have used that on S 2 of unit radius 

-^e^v^Vj - ^r 23 , e «rj = -^ k v Jk v t = -r^r* . (3.59) 

r = — iL^Ln is the same as in eq. (13.37)) and 7 = ir 01 (with -f 2 = 1) is the product of Wick 
rotated AdSi Dirac matrices. 

To analyze the solutions of (I3.58|) . let us multiply it by the projectors |(1 ± T). This gives the 
equations of motion for *&± = |(1 ± r)i? 

(V,V l - + 7 rny^+ = , (3.60) 

(V t V l + = 0. (3.61) 

Using (|3.59[) we may get from (I3.60|) 

y(y-7r u )# + = o. (3.62) 

Note that the fermionic operator factorizes into the massless Dirac operator times the massive GS 
operator (cf. (|3.36l) . (|3.41[) '). In the case of the sphere, the only non-trivial solutions of Q3.62p are 
the S 2 Killing spinors satisfying 

(y- 7 ru)i? + = o (3.63) 

as in (|3.36[) . (|3.41[) . This gives us 4 fermionic zero modes as in the case of the GS instanton on 
S 2 . Note that from eqs. (|3.60p and (|3.63p it follows that = |(1 + r)$ are eigenfunctions of the 
Laplace operator with the eigenvalue — \ (V^V 1 + 5)$+ = . According to (|3.61l) . four are the 
eigenfunctions of the Laplace operator with the eigenvalue —5. Hence, they can also be associated 
with the S 2 Killing spinors with an effective mass ±1. 

Thus we seem to get an additional 8 = 4x2 fermionic zero modes in the hybrid model as 
compared to the corresponding GS case. However, the comparison of the total expressions for 
the two partition functions, that we do not attempt here, requires a proper definition of the path 
integral measure, as was already emphasized on the example of the infinite string in AdS2 in 
section [2.4.11 In fact, since this case is essentially an analytic continuation of that discussion we 
expect a match also in this case. 
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T 2 instanton 

In this case the fermionic part of the hybrid model Lagrangian takes the following form 

£ form = 2id^ 1 T ll d 1 $+ l -r' 1 l d l 4, a ' . (3.64) 

From cq. (|3.64p we see that eight should obey the Laplace equation on T 2 and twelve tp a should 
satisfy the massless Dirac equation, i.e. 

d'did = 0, fdii) a ' = . (3.65) 

These equations have only constant solutions on T 2 , so that we get 20 zero modes associated with 
them. Though this number does not match the one of the GS string instanton on T 2 which has 12 
constant fermionic modes, the difference should presumably be accounted for by the contribution 
of the ghost sector of the hybrid model. 

4 Concluding remarks 

In this paper we have demonstrated the semiclassical equivalence between the Green-Schwarz and 
the pure-spinor formulations of the AdS$ x S 5 superstring expanded near generic classical string 
solutions, extending earlier work in this direction J37J HE]- We have also studied a similar relation 
between the AdS2 x S 2 x T 6 GS superstring and the corresponding hybrid model. 

We have shown that in the AdS§ x S 5 pure-spinor model expanded around a classical string 
solution, half of the fermionic modes enter the quadratic fluctuation action only linearly. Therefore, 
they can be integrated out, contributing a massless 2c? d'Alembertian operator determinant to the 
one-loop partition function. The action for the remaining half of the fermions takes a form 
which resembles the structure of the GS superstring action with the first-derivative terms being 
the same but with the GS "mass" term being replaced by a second-derivative fermionic kinetic 
term. We have found that the contribution of these remaining fermions to the one-loop pure- 
spinor partition function is the same as the non-trivial "massive" determinant of the GS fermions 
times an additional massless determinant, with the latter being cancelled against the ghost sector 
contributions. 

One may expect a similar equivalence between the GS and the pure-spinor formulation also 
for the case of the AdS2 x S 2 x T 6 background. In this case, however, there exists also a simpler 
version of a "pure-spinor" -like formulation - the hybrid model of [5] in which the AdS2 x S 2 and 
T 6 parts are essentially decoupled in the action (in contrast to what happens in the GS case [TTj). 
We have found that there is a similar semiclassical correspondence between the AdS2 x S 2 x T 6 
GS theory and the hybrid model by considering particular cases when the classical strings move 
only in AdS2 x S 2 and two simple cases when the string also moves in or wraps around a circle in 
T e . We also compared the spectra of the fermionic zero modes of S 2 and T 2 worldsheet instantons 
in the GS and the hybrid formulations. It would be interesting to complete this analysis in order 
to prove the semiclassical equivalence between these two superstring formulations for a generic 
motion of the string in AdS% x S 2 x T 6 . 

Another open problem is to repeat a similar study in the case of superstrings in AdS^ x S 3, xT 4 . 
There exists three a priori different formulations of superstring theory in this background (which 
can be supported, in general, by a combination of R-R and NS-NS 3- form fluxes): (i) The Green- 
Schwarz formulation based on the PSU(1, 1|2) x PSU(1, l|2)/5f/(l, 1) x SU(2) supercoset sigma 
model with a particular WZ term, enlarged with 4 bosonic T 4 degrees of freedom and additional 
16 fermionic ones (see [351 SOI EH EU ECU and references there) (ii) the supercoset hybrid model 
with a "pure-spinor" -like (second-derivative fermion) sigma model action [51 [T3J ( for the same 
supercoset with the same WZ term and the same number of 16 supersymmetries as in the GS 

20 In the absence of R-R flux there is of course also the standard RNS formulation based on 2d supersymmetric 
SU(1, 1) x 5(7(2) WZW model. 
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case); (iii) the supergroup hybrid model [12] based on the PSU(l, 1|2) sigma model (with an extra 
WZ term in the case of non-zero NS-NS 3-form flux) in which only 8 out of 16 supersymmetries are 
manifest^ It would be interesting to check that these three formulations are indeed equivalent 
in the semiclassical expansion. 
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Appendix A. Notation and conventions 

The flat metric is t/ab = {— , H — ■ , +)• The D = 10 gamma matrices T A and T 11 are real and 

{r A ,r B } = 2 V AB . 

Contracted with the complex charge conjugation matrix C the matrices 

CT A , CT AB , CT Al - A s are symmetric (A, B, ... = 0, . . . , 9, 11) 
and the matrices 

C, CT ABd , CT ABdb are anti - symmetric. 
Any two spinors are contracted as follows 

e a c aP ^ = eip, ecr A ~ip = d a (cr A -) a ^ a = ev A -^. 

Note that to simplify the notation we do not indicate explicitly the charge conjugation matrix C 
in bilinear combinations of the spinors contracted with CT A ". 
Since the matrices CT A and CT AB are symmetric, we have 

(Y A §)Cijj = -dCT A %}j = -dT A ^ , {T M d)Ctp = -§CT ab %Ij = -dT AB xjj . 

Appendix B. Folded spinning string in RxS 2 C AdS2 X S 2 x T 6 

To illustrate the semiclassical equivalence of the GS formulation and the hybrid model for AdS2 x 
S 2 x T 6 that we argued for in general when the string is moving entirely in AdS2 x S 2 let us consider 
the case of a folded spinning string moving in S 2 . The corresponding solution in conformal gauge 
is 

t = KT, 6 = 6{o), ip=wr, (B.l) 

K 2 2 

sin6» = Jq sn(wcr|<j) , q = sin 2 6 = — , w = —K(q) , (B.2) 

where t is the AdS2 time coordinate, 9 and ip are the spherical coordinates of S 2 , and K is the 
elliptic integral. Here 0' 2 = n 2 — w 2 sin 2 9 so that the induced metric is 

ds 2 = 9' 2 {-dT 2 +da 2 ). (B.3) 

For some recent discussions of this supergroup hybrid model see, e.g., |43l 1441 H5] and references there. 
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The non-zero worldsheet pullbacks of the AdS2 X S 2 x T 6 vielbeins are 

e T ° = k, e 2 = 6', e 3 = uj sin6> (B.4) 
and the covariant derivative acting on the fermions is 

Vi=di- ^ujf^Tab = (d T - -w cos 6T 23 , d a ) , V± = d± - cos 6T 23 ■ (B.5) 

In the conformal gauge, the bosonic fluctuations around this solution are described by the following 
Lagrangian (see, e.g., [4*5] ) 

L boson = -^(dt) 2 + ^[(dp) 2 + k 2 p 2 } + i(<90) 2 + i sin 2 6>(<9(^) 2 - 2w cos sin 9 Qd T (p 

-^(1 -2 sin 2 9)w 2 6 2 + -(dy) 2 . (B.6) 

Defining rj = sin (p one gets 

iboson = -\{dtf + l -[{dp) 2 + k 2 p 2 ] + i[(W) 2 + w 2 sin 2 9 9 2 ] 

+ \[^vf-6 l2 V 2 ] + \{dy) 2 , (B.7) 

where Wrj = (d T rj — w cos 9, da-rj) and V6* = (d T 6 + w cos r), <9o-6l). Thus we have three "massive" 
bosonic modes, one in AdS2 and two in S 2 , with the sum of squares of their masses being 

J2 m b = 2 w 2 sin 2 6». (B.8) 

Green Schwarz action 

The quadratic fermonic term in the GS action (|3.3[) in this background takes the following form 
£ GS = -iti 1 f\J_d 1 -iti 3 f._\J + § 3 + id 1 <f,T 0l t_fi 3 -iv 1 f\7-v 1 -iv 3 </i_V + v 3 . (B.9) 



Making use of the explicit form of the spin connection (|B.5p . let us perform the following redefi- 
nition of d 1 ' 3 and v 1 ' 3 

$ = -^e" 1 " 3 ?? 1 , ?? 3 = —=e — 5- r23 i9 3 , v 1 = —=e— r23 v 1 , u 3 = —=e — ~ v ™v 3 , 



\[k \fk \fk \fk 

where 



(B.10) 



. a;sinfl 0' V^-^Wfl 
/ = arcsin , o a j—ujcos9, cos/ = — = . (B.llj 

Then, taking into account that 
we get 

£ G s = -2^r a_?9 1 L - 2i3 3 + T d+3 3 + - Aiujsm6 dlTu^l + 2id^)v , (B.12) 

where $1 = \ {1 - T 02 )-d 1 and & 3 + = |(1 + r 02 )i? 3 . We thus find that two pairs of fermions t? have 
the "mass" m = wsin^ and 6 pairs of the fermions v are massless. 
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Hybrid model action 



Upon performing the redefinition (IB.10[) of -d 1 ' 3 and splitting them into i? ± ' = |(1 iTf^)?? 1 ' 3 , the 
fcrmionic part of the hybrid model Lagrangian (I3.9p takes the form 

4icos/ 51 ~ 3 4icos/ 5l ~ 3 4isin/ ~, ~ 3 

K K K 

Aq Qiri f ~ ~ ~ ~ ~ ~ 

+ - J d + ti\r ia B-'dt + 2i 0\r o 8+d\. + 2i tf 3 _r d--dl . (B.13) 
Using that sin / = usl ™ e this Lagrangian can be written as 

£h = - s 2 m 9 (d+^_ - cot / r 23 d + #l) r 13 {d-d% + cot / r a3 a-tfg.) 



K 



uj sm ( 



• s+^iri 8 e_^i + 2t ^rod-^ + 2« ^ro^^ . (b.u) 



Note that in the first line of (IB. 14[) the pairs of terms in each bracket have the same chirality. This 
is important for performing the integration of and which enter the Lagrangian linearly. 
Under an appropriate assumption about the path integral measure (cf. |29j ) they contribute to 
the partition function only with a massless determinant factor (det <9-|_cL) 4 . 

After the modes and d+ are integrated out we are left with the last line of (IB.14[) . which is 
a counterpart of the GS Lagrangian (|B.12I) . By the same reasoning as used for a generic classical 
solution in section 3 one can verify that this part of the Lagrangian (|B.14I) indeed describes the 
same number (two) of massive fermions with the same mass as in the GS string case plus two 
massless fermions. 
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